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With the aid of symbolic computation, nine families of new doubly periodic solutions are obtained
for the (2+1)-dimensional long-wave and short-wave resonance interaction (LSRI) system in terms of
the Weierstrass elliptic function method. Moreover Jacobian elliptic function solutions and solitary
wave solutions are also given as simple limits of doubly periodic solutions.
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1. Introduction

It is well known that the elliptic functions includ-
ing Jacobian elliptic functions and Weierstrass ellip-
tic functions, are closely related to nonlinear differ-
ential equations [1]. Moreover many nonlinear evo-
lution equations have been shown to possess elliptic
function solutions [2—4] and Jacobian elliptic func-
tion solutions include not only solitary wave solutions
but more types of solutions depending on other dif-
ferent modulus. In addition, the Jacobian elliptic func-
tions sn(&;m),cn(&;m),dn(E;m) can be expressed by
the unified Weierstrass elliptic function ©(&;g2,83).
Therefore it is of important significance to investi-
gate Weierstrass elliptic function solutions of non-
linear wave equations. There exist some transforma-
tions to study Weierstrass elliptic function solutions
of nonlinear wave equations. In [5], many important
nonlinear wave equations arising from nonlinear sci-
ence are chosen to illustrate the Weierstrass ellip-
tic function expansion method such as the new in-
tegrable Davey-Stewartson-type equation, the (2+1)-
dimensional modified Korteweg-de Vries equation, the
generalized Hirota equation, the (2+1)-dimensional
modified Novikov-Veselov equations, and the coupled
Klein-Gordon equation.

In this paper, enlightened by the idea in [5, 6], we
attempt to develop an algorithm in terms of the Weier-
strass elliptic function @(&;g2,g3) to seek new types
of doubly periodic solutions of the (2+1)-dimensional
equation describing the interaction of a long wave with

a packet of short waves. Such process can arise in fluid
mechanics. If L is a long interfacial wave and S is a
short waves packet, their interaction on the (x, y)-plane
is described by the system [7]

10,8 +icg0,S — BLS — Y958 — 8182 = 0,

(1)
0L+ 1oyl + ad|S|* = 0,

where ¢ is the long-wave phase velocity along the y-
axis, ¢ is the group velocity of a packet of short waves
along the x-axis, and o, f3,y,6 are constant parame-
ters of the system under consideration. Using the “res-
onance condition” ¢ = ¢, [8], some linear coordinate
transformations and scale transformation of the con-
stants, it is possible to rewrite this system in the form

10,8 —05S+LS=0, 9,L="29,5 2)

This integrable dispersive long-wave and short-wave
resonance interaction (LSRI) system is an interesting
topic in physics and mathematics, while the application
of symbolic computation to physical and mathematical
sciences appears to have a bright future. The integrabil-
ity of this system has been established earlier. There-
fore, a Lax pair for (1) has been constructed in [9], and
an exact solution of this equation has been presented
in [7]. The LSRI equation considered in [10, 11] can be
written in our form by simple linear coordinate trans-
formations. In [10] the authors have performed a deep
analysis of different classes of exact solutions, such as
“positon”, “dromion” and “soliton”, and they have de-
rived a number of new solutions including one on a
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continuous wave background. The recent investigation
of the above system has been performed in [11]. The
authors showed that (1) possesses, the Painlevé prop-
erty, and they generated an extended class of periodic
Jacobian elliptic function solutions and a distinct gen-
eral class of exponentially localized solutions vanish-
ing in all directions. In these solutions, the time vari-
able r and space variable x are separated, and the waves
can only advance along the y-axis. However, in this
paper, we have transformed (1) into a nonlinear ordi-
nary differential equation [in terms of the wave vari-
able & = k(x+ Ay + or)] leading to particular solu-
tions (namely plane wave solutions). These solutions
advance along the x-axis as well as the y-axis. Further-
more, new plane solitary wave solutions, a special class
of solutions which do not vanish along the line £ =0
for x,y — oo, are derived.

2. Introduction of the Weierstrass Elliptic
Expansion Method

In the following we will simply introduce the Weier-
strass elliptic expansion method and its algorithm.

Step I: Consider a given nonlinear evolution equa-
tion with a physical field # and two independent vari-
ables x,t:

)=0. 3)

We make the ansatz u(x,r) = u(&),& = k(x — At),
which reduces (3) to a nonlinear ordinary differential
equation

Y(u,u' ,u”" u",...) =0, 4)

¢(u7utvu)muxmuxt7uth"

where the prime notation represents the differentiation
with respect to &.

Step II: Seek the power series solution of (4) in
terms of the Weierstrass elliptic function

u(§) = F[@(&:82,83), i=1,2, (5)
where

Fi[@(8:82,83)]
[ Ai(8382,83) +Big'(8582,83) 1!
=Ao +Z [R+Pﬁ(§,gz,g3)+QJ0 "(&:82,83)

R[@(8:82,83)] (6)

=ao+), (ai [E19(E:82.83) + Ea)
i=1

+bilE19(&:82,83) + Ex] _i/z)»

X.-J. Lai et al. - The LSRI System

and @(&;g2,g3) is the Weierstrass elliptic function sat-
isfying the nonlinear ordinary equation

=407 (&

or, another form,

=647 (&)

with g»,g3 being real parameters called invariants,
where the prime denotes derivative with respect to &.
Step III: Define a polynomial degree function as

D(u(p)) =n.

Thus we have

D <u"(,{o) (d;‘—é@)q) =np+q(n+s).

Therefore we can determine n in (6) by the leading or-
der analysis (or balancing the highest-order linear term
and nonlinear terms).

Step I'V: Substitute (6) with the known parameter n
into the left-hand-side of the obtained ODE, and then
take the numerator of the expression to get a polyno-
mial equation. Set the coefficients of polynomial equal
to zero to get a set of algebraic equations with respect
to the unknowns.

Step V: With the aid of Maple, solve the set of alge-
braic equations, which may not be consistent, and fi-
nally derive the doubly periodic solutions of the given
nonlinear equations by using the Weierstrass elliptic
function.

- 80(8 (7N

- _827 (8)

3. New Doubly Periodic Solutions

We consider the following specific transformations
for system (1):

S(x,y,t) = S(&) exp(i0),
E=k(x+Ay+ot), 0=o0x+By+t,

L) <L),

where k,A,0,a, B, v are constants to be determined
later.
Then, the substitution of (9) into (1) yields

ds(€) -

3 — 22502 o,

(—Y+L(E)+a?)S(E) -

(10)
dL(&) ds(é)

M=ge = 4S(§)kY
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with the condition

o =2a. (11)
Integrating the second equation yields
ue -2 ¢ (12)
which the first equation reduces to
2°C) 4 cv a2 pse) eS8 o a3

A dégz
where C is an arbitrary constant.
Note that if we obtain one solution S from (13), we
can derive the corresponding solution L using (12).
Case 1: According to Step II and Step III, we as-
sume that the solution of (13) has the form

S(&) = Fi[9(&;82,83)]

A1(E:82,83) +B12'(8:82,83)

R+Pp(E:82,83) + 00" (E:82,83)
(14)

:AO+

where @(&;g2,g3) satisfies (7) and (8), and Ag, A1, By,
R, P,Q are constants to be determined.
Therefore we have from (7) and (8)

d%s 1

déi(f - e L

+[(4B1P* —4A,0P) £’ — 4A\RP — 16B,PQg>
+16A10°¢:] 7 + (—24A1RQ + 12B1RP) &0

+36A,0%g3 + 12A|R> — 36B,Pg3 Q7

+[(24B/R* — B1P°g2 + A10g:P) '
—24B|RQg3 + 3A R, P| o

+ (4A10g3P — 4B P*g3 + 3B1Rg:P) '

+4ARPg; — BIRg30 — AR%g)

—A10%g382 +Bng3ng}.

15)

With the aid of symbolic computation (Maple), by in-
serting (14) into (13) along with (15) and equating
the coefficients of these terms @@ (i = 0,1;j =
0,1,2,...), we get a set of algebraic equations with re-
spect to the unknowns k,A,Ag,A1,B1,R,P,Q,C, which
are complicated. Thus we omit them here. Solving the
set of algebraic equations yields:
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Family 1.
B
S(&) = ~20
A19(8582,83) +B14#9'(E:82,83)
R+Pp(E:82,83) + 06 (§:82,83)
2[ By
L) = 1| 20
A1p(8;82,83) +B1#2'(E:82,83)
R+P@(E:g2,83) + 0" (E:82,83)
C=-a+7,
B}
2(B1P—A1Q)Pk*’
P(B2P? — 3B PQA| +2A30Q?)
4B2Q? ’

2
+C,

(16)

R =

I
4B30*

) (P°Bi —4A,P°BiQ

+5ATPB,Q” —2A70°),

83 =0,
where «,v,k,A1,B1, P,Q are arbitrary constants.
Family 2.
_ Bi1p'(E:82,83)
SE)=—F—%—""7,
Pp(8:82.83)
_ 2 [B1g'(8:82,83)
L(E) = T | Ho it
Pp(8:82.83)
C= _a2 =+ Y
4B?
= iepr
g» = arbitrary constant, g3 =0,

2
| +e
(7

where «,v,k, By, P are arbitrary constants.
Family 3.

5(6) = R+Pp(G:82,83)
_2[BipCiengs)
L&) =~ R+P@(&:82,83)

—6k’R + 0P — yP

2
+C,

(18)
C=-
2 P 3 3
4B7 AR+ Pgs
K2p2’ T

g3 = arbitrary constant,

b

A= 82

where ,v,k, P,R, B are arbitrary constants.
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Family 4.
S(§)=Ao +

—AoP(E:82,83) +Bi12'(§:82.83)

P@(&8:82,83) + 0’ (8:82,83)
2

L&) = T Ao +
—AoP(E:82,83) +B1#' (E:82,83)°

Pp(8:g2,83) + 0" (8:82,83)
C=-a’+y,
- 4(A20? +2B1A0Q + B?)

- k2p2 ’

19)

82=83=0,
where o, v,k,Ag,B1, P, Q are arbitrary constants.
Family 5.
A1p(8;82,83
5(8) = ACiEng),
00'(8:82,83)
2 Alﬁ(é;gz,gs)r
=7 00 Gisnnss)
C= _az + Y
_ 4
82 = 41Q2k27 83

(20)

:0’

where o, v,k,A|,Q are arbitrary constants.
Family 6.

A1(&:82,83)

S8 = A0+ R P oE grrgr)
2 A19(8:82,83)
L) = 7 At R ppErgngr)| 7€

C = —[50?A|AP* + 60*AgP L — 6YA P A
+30A41A2P?24A2A0P — 5YA AP?
+1243P3 + 6A7] [AP?(6A0P+541)]

R=[—2(A}P’ +3A1A5P* + 3ATA0P + A})]

- [P(6A0P+5A1)KPA] ",
g2 = 8[6A5P° +304,A)P5 + 61ATAP!
+ 64ATA] PP + 36A1ATP? + 10A740P + AS]
C[P*2%(640P+541)2KY] !,
g3 = —4[330AA3 P + 16A7P° + 1204, A5 P
+394A3A5P7 + 741A3A5 PO
+ 876ATALPS + 671AJALP* 4 16A3A,P
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+9947A3P? + A%] [PO(6A0P+5A1)° kA% !, (21)

where a,A,7,k,Ag,A1, P are arbitrary constants.
Case 2: According to Step II and Step III, we as-
sume that the solution of (13) has the form

S(&) = B[0(&;82,83)]
=ay+ai[E1p(E:8,83) +E2)'? (22)
+bi[E1p(E:82.83) + Ea] /2,

where (&, g2,83) satisfies (7) and (8), and ag,ay, Ey,
E», b are constants to be determined.
Therefore we have from (7) and (8)

d2s(&) E,
dé?

S N B [ —3E1b1g5 +big2E>

—12b1fPEy — a1E3gs + 1241 E3 7 + 8Eja1 7" (23)
+20E1a17°Ez — 2b12E1 o+ Efaiga 0
+ Era183E; — E\a1 082, .

With the aid of Maple, we substitute (22) and (23)
into (13) and equate the coefficients of these terms
P (VEI @+ E) (i=0,1;j=0,1,2,3,45); we get
a set of nonlinear algebraic equations with respect to
the unknowns E|, E>,ag,a;,b;. By solving the set of
nonlinear algebraic equations, we can determine these
unknowns as follows:

Family 7.
S©)= VE 9(E;g2,83) +E2
2
L(E) =2 4 ,

i VE 2(E:82,83) +E>

2 2
C:—Ela —3k Ez-l—E]')/’ (24)
E,
_ 4(—bIE| +3AE3?)
82 - Elzkzl 9
4B, (2AE3K* — bIE))
83 = E13k27L )
where o, v,A,k,E,E>, by are arbitrary constants.
Family 8.
KA
S(€)=a 7@(5;82,83)+Ez,
1
2& 2
2 k
L&)=~ [al\/a—zlo(é;gz»gs)JrEz +C,
1
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YA —3a2E; — a*A
A b
g» = arbitrary constant,
B a%Ez(—4a‘11E22 +k*A%g,)

C:

where o, v, A,k, E>,ay are arbitrary constants.

Family 9.

KA
—5 (8:82,83) + E2
ai

S(&)=a

K24 i
+b1 <a_2p(§’g27g3)+E2> )

1

2717

2
L) =1 ll\/ g8+ B

b

2
+c,

+
25 k2
) 7[0(&82783)4‘1‘?2
1

_ —6bja; + YA —3aiE, — a’A

C

l b
g — dai(aiE] —bY)
K402 ’
4a3E»(2a2E2 — b?
g3 =—1 Z(kﬁif ), 26)

where a,y,A,k,E>,a1,b; are arbitrary constants.

Remark. In particular, the Weierstrass elliptic function can be written as

2(E:82,83) = 2 — (e2— e3)en* (Ve — e3E;m) 27

in terms of the Jacobian elliptic cosine function, where m? = (e, — e3)/(ej — e3) is the modulus of the Jacobian
elliptic function; ¢; (i = 1,2,3;e; > e, > e3) are the three roots of the cubic equation 4y3 —gy—g3=0.

Therefore solutions (16) are rewritten as

Bi | Ailes — Nico? (VN2 ;m)] +2BiNi v/ Noen(v/N2 & sm)sn (VN2 § s m)dn(v/N2 6 m)

S

()= =201 R Ples = Nrew® (VN E:m)] + 20N, v/Nocn (N, E:m)sn(y/N>Ezm)dn( /N, Econ)

2

L(é):z —ﬂ—i— Ajlez — Nien?(v/No&;m)] + 2B 1Ny /Noen(v/No & sm)sn(y/No & ;m)dn (/N & m) +c
A 20 R+ Pley—Nicn?(v/Na&:m)] + 20N/ Noen(vN2 € m)sn(y/No&sm)dn(y/No§ s m) ’
C=—-a’+y,
2(BiP—A,Q)PK’
R= g (B — 30104 +2410%)
1
2= —L (PB4 PBIQ + 5ATPB 02~ 2A10°), g3 =0, (28)

~ 4B3Q*

where N| = e; —e3,N, = e] —e3.

In particular, when m — 1, i.e., e — ey,cn(&;m) — sech(&), thus the solitary wave solutions of (1) can be

written as
S(E) = —ﬂ—i— Ailez — Nisech?(y/No & m)] + 2B 1Ny /Natanh(y/No & ;m)sech? (v/No & ;m)
20 ' R+ Pley — Nysech?(v/N2E:m)] + 20N +/Nysech? (/Ny & ;m)tanh(v/No € m)
L(E) = 2[ B Ailez — Nysech?(y/No&;m)] + 2B 1Ny /Nasech? (/N & m)tanh(/No & ;m) 2+C,

Al 20 R+ Pley — Nysech? (v/N2E;m)] 4 20N, /Nysech? (/No & ; m)tanh(v/No € ;m)



278 X.-J. Lai et al. - The LSRI System

C= _aZ + ’}/a
A= Bi
2(B\P—AQ)Pk*’

P
R = FQZ( %Pz — 3BIPQA1 +2A%Q2)7

|
87 4Bg* (P°B} — 4A1P’B{Q+ 5ATPB1Q” —2410°), g3 =0. @)

1

Similarly, we rewrite the solutions (1) as other forms in terms of the Jacobian elliptic function or the hyperbolic
function.
The profile of the above solution for the parametric choice is shown in Figs. 1 and 2.
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Fig. 1. (a) Intensity |S| according to (16) with the parameters Q = 2,B; = A
of (a).
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Fig. 2. (a) Intensity |S| according to (26) with the parameters b; = a; = %,k =E, = a=A = 1. (b) Contour of |§| with the
parameters of (a).
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4. Conclusion

In summary, we firstly transformed the LSRI sys-
tem (1) into the nonlinear ordinary differential equa-
tion (10) using a series of ansatz. Then with the
aid of Maple, we used a transformation in terms of
the Weierstrass elliptic function to obtain nine fami-
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